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When active control is used to improve plant dynamics, cascade compensators (or loop shaping filters) are often
used to help direct the available control energy to the particular subset of plant modes whose dynamics is to be
modified. In certain applications the cascade compensators can be taken to be simple frequency selective filters
such as low-pass or bandpass filters. There are applications in which this is not the case. A method is described to
obtain cascade compensators that achieve the stated goal when frequency selective filters do not suffice to obtain
a solution. The computations required to implement the results are rather simple and involve the calculation of
the generalized singular value decomposition of a matrix pair constructed with frequency response data. When
combined with robust methods for controller design, the results yield a simple and effective method for designing
controllers that modify the dynamics associated with a specified subset of plant poles. A detailed numerical example

is included to illustrate ideas and computations.

Nomenclature

A>B(A>B) = A— B has(strictly) positive eigenvalues only,
A=A*and B =B*

Al = transpose of matrix A

A = conjugate transpose of matrix A

diag(dy, ...,d,) = rectangularmatrix with entries a;; satisfying
a; =d;, and a;; =0 wheneveri # j

1 = identity matrix

J{} = imaginary part

im A = range space of matrix A

R{:} = real part

o;(M,, M>) = jth generalized singular value of the matrix
pair M, M,; see Appendix for its definition

Omax (M, M3) = largest generalized singular value

= Euclidean norm

I. Introduction

HEN active control is used to improve plant dynamics, cas-
cade compensators (or loop shaping filters) are often used
to help direct the available control energy to the particular subset
of plant modes whose dynamics is to be modified. These cascade
compensators should also minimize the energy spillover to the less
important modes. For example, in the control of lightly damped
systems, it is common practice to add, in cascade with the plant,
frequency selective filters with passing bands that include the plant
modes whose dampingis to be increasedand excludeany other plant
modes. Such filters not only help focus the control energy on the
relevant modes but also help reduce the interaction of the control
signals with any modes outside the band of interest.
When there is frequency separation, between the poles we wish
to control and the other plant poles, the design of such cascade

compensators is fairly simple. Indeed, due to the frequency sepa-
ration, the cascade compensators can be taken to be conventional
low-pass, high-pass,or bandpassfilters, dependingon the frequency
band(s) occupied by the plant poles whose dynamics is to be im-
proved. These frequency selective filters make the in-band plant
poles more controllablethan the out-of-band plant poles. This prop-
erty is achieved by increasingthe relative participationof the former
poles to the input-output frequency response of the plant/filter cas-
cade connection.

In this paper we present a method to design cascade compen-
sators when there is frequency overlap between the poles we wish
to control and any other plant poles. Frequency overlap takes place,
for example, when there are several modes with similar natural fre-
quencies but only a few of them require damping augmentation. In
such a case it is not possible to use frequency selective filters to
direct the control energy to the relevant modes only.

The focusis on static cascade compensators with no dynamic ele-
ments. The goal is to design cascade compensators that increase the
relative contributionof a specified subset of plant poles to the input-
output frequency response of the cascade connection of the plant
with the compensator. The paper shows how such compensators
may be obtained from the generalized singular value decomposi-
tion (GSVD) of two matrices constructed with frequency response
data. The GSVD is used to separate the plant poles in space rather
than in frequency. Thus, static cascade compensators that achieve
the stated goal exist only if there are multiple controlinputs, multiple
measured outputs, or both.

The design of static precompensators is described in Sec. I
This section contains a detailed example that illustrates the method
and its role in controller design. Section III treats the problem of
postcompensator design. Conclusions are given in Sec. IV. The
GSVD and its main properties are in the Appendix.
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II. Design of Static Precompensators

We constructcascade compensatorsthatincrease the contribution
to the compensated frequency responseof a specified subsetof plant
polesrelative to the contributionof any other plant poles. (Note that
the compensated frequency responseis that of the series connection
of the cascade compensator and the plant.) This is accomplished
using the GSVD of a matrix pair formed with frequency response
data; see Result 1 in the Appendix for the definition of the GSVD. A
detailedexample demonstratingthe resultsin a typical control prob-
lem is given also. The focus of this section is on precompensators;
postcompensatorsare treated separately in the next section.

Let P(s) denote the plant transfer matrix. Assume that P(s) is a
p Xm rational matrix function. Take a partial fraction expansion of
P(s) of the form

P(s) = P(s) + Py(s) (1)

Assume that P,(s) containsonly the plant poles whose contribution
to the compensatedfrequencyresponse we wantto increase(e.g., the
poles whose dynamics we wish to control), and that P;(s) contains
all of the other plant poles.

Our goal is to find a constant matrix W such that the frequency
response P,(/ )W dominates the frequency response P, (/ w)W.
Ideally, we want W such that the approximation

PU o)W =[P/ o) + P,(/ )W = P,(/ )W 2)

holds for all win a frequency interval containing the poles of P, (s).

To give precise meaning to the approximationin Eq. (2), we need
to measure how bigis P;(/ @) W relativeto P»(/ @)W on a given set
of frequencies. This can be accomplished by evaluating the largest
generalized singular value (GSV) of a suitable constructed matrix
pair. The largest GSV of a matrix pairis denoted by oy« (-, -) and it
is defined in the Appendix, Eq. (A4).

Let o, ..., oy denote given positive frequencies. Define the
2Np Xm real matrices

R{Pl(]wl)} R{Pz(]wl)}
ef R{P1(] oy)} def R{Pz(] oy)}
M, , M=E 3
T s en) | spd o)) ¢
_‘J{Pl(] @N)}_ _‘J{Pz(] @N)}_

where P, (s) and P,(s) are from Eq. (1). Given W € R™ *4, we pro-
pose to measure the average size of P;(/ w) W relative to the average
size of P,(/ )W, onthe set {oy, . .., @y}, With G (M, W, M, W).

Justification for o, (M, W, M, W) as an appropriate measure of
relative size comes from Result 3 (see Appendix) and simple alge-
braic manipulations. Indeed, from the definitions in Eq. (3) and the
identities

k=N
Ml.’Mi = Z R{Pi*(]wk)Pi(]wk)} =

k=1 k

k

I
+

N
Pi*(] @k)Pi(] )

-N

| =

where we define a)_kdéf — @y, it follows from Result 3, item 1, that
Omax (MW, M, W) is precisely the smallest number y that satisfies
the matrix inequality

k=+N k=+N
> WP o)Pi oW <y> D WP )P/ o)W
k=-N k=-N

4)
Hence, o (MW, M,W)< 1 implies that, on the average,

P,(/ ®)W dominates P,(/ @)W on the set {®, ..., oy}. In fact,
if O (MW, M, W) < 1, the approximation in Eq. (2) will hold.
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From a control standpoint, a matrix W such that the approxima-
tion in Eq. (2) holds will help direct the available control energy
to the poles of P,(s) (the plant poles whose dynamics we wish to
control). Such a matrix W will also help reduce the energy spillover
to the poles of P;(s). Intuitively, Eq. (2) implies that the poles of
P, (s) are not controllable from the inputs of P(s)W or not observ-
able from its outputs. Hence, any feedback loop around P(s) W will
affect mainly the poles of P,(s).

A. Computation of an Optimal Precompensator
From the preceding discussion it follows that the optimization
problem

inf o (MW, Mo W) ®)

W eR" X4

subjectto rank W =g

givesasensiblemethod for computing W. Even if the optimal largest
GSV is greater than one, a solution to Eq. (5) will minimize the
average size of P;(/ @)W, relative to the average size of P,(J o)W,
on the specified set of frequencies. A solution to the optimization
problem in Eq. (5) is given in the Appendix, Result 3, item 2. The
following design procedure summarizes the computations required
to obtain this solution.

Pick asetof frequencies{wy, ..., oy}, thatcoversthe magnitudes
of the poles of P,(s) and the nearby poles of P;(s) and do the
following.

1) Compute the matrices M, and M, defined in Eq. (3).

2) Compute the GSVD of the pair (M, M,) and the matrix X
defined in Result 1 (see Appendix). Let x ; denote the jth column
of the matrix X.

3)Pickanintegerg <m:; asolutionto the optimizationproblemin
Eq. (5) is given by any full-rank matrix W, € R” *¢ whose columns
span the g-dimensional subspace

im[xl Xo L )Cq]

and the optimal GSV is oy, (M, W, Mo, W,) = c,(M,, M,).

In applications, the matrices M, and M, will typically have
many more rows than columns. In such cases, the condition rank
[M| M]]=m is generic. Per Result 1 (see Appendix), the GSVD
of the pair (M, M,) will generically exist.

There is no need to calculate W, when g =m. Perstep3 W, =1
is optimal when ¢ =m. The case ¢ =m makes sense only if
Omax(M1, M) < 1; see the next paragraph.

The success of the design procedure depends on the GSVs of the
pair (M;, M,) and the value selected for g. We have no control over
the GSVs; we can only play with g to achieve the best result. The
selection of ¢ is problem dependent; some general guidelines are as
follows. The integer g is the number of degrees of freedom available
to control the poles of P»(s) W, ; thus, g large is desirable. Compute
all of the GSVs of (M,, M,) and take g to be the largestinteger such
that o, (M,, M,) < 1. Alternatively, take ¢ to be the largest integer
such that o,(M,, M,) <o, (M, M>). Even if o,(M,, M,) > 1,
this latter selection rule will produce a precompensator W, that
greatlyreducesthe averagesize of P, (/ w)W,, relative to the average
size of P,(J o) W,, over the frequencies of interest.

When there is a single control input (m = 1), the only choice is
g =1. As already explained, ¢ =m =1 implies that the scalar pre-
compensator W; =1 is optimal. Therefore, in the single input case,
a trivial precompensator always results. Only if there are multiple
plantoutputs(p > 1), a postcompensator(see Sec. III) may perform
better.

B. Example
Consider a plant with two control inputs and one sensor output
given by

3

P(s) = >, _ M) ©6)

2
Py (s+a)?+pu;

where the parameters are defined in Table 1.



202 ROTEA

Table 1 Parameters of the transfer matrix P(s) in Eq. (6)

N}, (input 1)
0.0823 (s + 0.4927)

N}, (input 2)
0.0393 (s + 3.2394)

h opy i
1 0.0765 0.8466

2 0.0100 1.0000 0.1349 (0.7669 — s) 0.0952 (s — 0.2967)
3 0.1150 1.1443 0.0832(3.9109 - s) 0.0310 (s +20.8436)
10’
input 1 —p
=)
&
£

magnitude

magnitude

frequency

Fig. 1 Frequency responses of P(s) and its two partial fractions P (s)
and P;(s).

The problem is to find a feedback controller K (s) that increases
the minimal damping ratio of the system, which is about 1% in the
second mode (h =2). We solve this problem using the following
procedure: 1) Compute a suitable precompensator W,. 2) Design a
controller for the shaped plant P(s)W,.

The damping ratios of the first and third modes are eight times
(at least) the damping ratio of the second mode (see Table 1). Our
goal is to design a feedback controller that augments the damping
of the second mode (7 =2) and spends little or no energy on the
other modes.

Decompose the plant P(s) as shown in Eq. (1). The transfer
matrix P;(s) containsthe terms correspondingto/ =1andh =3 in
Eq. (6). The transfer matrix P,(s) contains the term corresponding
to h =2, which is the mode we wish to control. Figure 1 shows the
magnitude of the frequency responses P(J w), P,(/ »), and P,(J ®)
for o in the range 0.5-2. All three modes show up in P(/ @) (solid
line) regardless of the combination of inputs used to actuate the
system (input 1, input 2, or both inputs).

Using the design procedure from the preceding subsection, we
may determine a precompensator that increases the relative con-
tribution of the second mode to the frequency response. The plant
natural frequenciesrange from u, to u3 (see Table 1). To compute
the pair (M, M,) defined in Eq. 3, we take 50 equally spaced points
oy, ..., 05 in the range 0.9u,-1.10u;. The matrices M, and M,
have 100 rows and 2 columns; thus, there are two GSVs given by

Omin(M,, M) =0.1083, Omax (M1, M,) =5.9037
Because o,,,,(M,, M,) > 1, we concludethat P,(/ ®) does not dom-
inate P;(/ w). This conclusion is consistent with the frequency re-
sponses shown in Fig. 1 that demonstrate that all modes show up in
the frequency response P (’ ).

Notice,however,that c,,;,(M,, M,) < 1. Hence, we conclude that
there is a rank-one matrix W; € IR *! such that P, J o)W, strongly
dominates P, (/ w)W,. To compute W, we need the matrix X in the
GSVD of the pair (M,, M,). This matrix is given by

_ [-0.0507 0.0305
~1 0.0301 0.0539

magnitude

magnitude

magnitude

10°
frequency

Fig. 2 Frequency responses of P(s) and the precompensated plant
P (S )Wl.

10°7ﬁﬁ,v§,____a ____________________________________ _
@
(0]
=
g O P (2inputs) N
3 x P (input 1)
=1 +
2 + P (input2) o
2 * PW_1 o
]
< x
<]
T X
3 +
Ny e Tt ]
E10
5 © o
z
* * x «
*
L L . L b
0 1 2 3 4 5 6 7

Fig. 3 Hankel singular values of P(s) and the precompensated plant
P (S )Wl.

Normalizing the first column of X gives the optimal rank-one pre-

compensator
—0.8601
W, = @)
0.5102

Figure 2 shows the magnitude of the frequency responses P (’ @)
(solid line) and P(/ w) W, (dashed line). The resonance at the fre-
quency of the secondmode (unit frequency) is much more noticeable
in the shaped plant P(s) W, than in the original plant P(s). The abil-
ity of the precompensator W, to emphasize the second mode, over
the other two modes, can also be seen in Fig. 3. Figure 3 shows the
Hankel singular values of P(s), with both inputs acting simultane-
ously and also with one active input at a time, as well as the Hankel
singular values of the shaped plant P(s)W,. In all four cases, the
singular values are normalized so that the largest singular value is
exactly one. Notice the reduction in the last four Hankel singular
values achieved by W,. This reductionis so significant that P(s) W,
has only two controllable/observable poles. It can be verified, for
example, by computing a second-order balanced truncation, that
these poles correspond to the poles of P,(s) (the poles we wish to
control).

Next, we design a feedback compensator that increases the mini-
mal (open-loop) damping ratio using the shapedplant P(s) W, . This
step can be performedusing any method. Here we use the loop shap-
ing design procedure of McFarlane and Glover' becauseitis simple
to use and effective for solving this class of problems.
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magnitude
S

10°
frequency

Fig. 4 Frequency responses of the target loop transfer function
P(s)W;y and the final loop transfer function at plant output P(s)K(s).

In this example, the following approach suffices. First, select a
gain factor y so that the magnitude of P(/ w)W,y is larger than
one in a neighborhood of w =1 (the frequency of mode we wish to
control). Then, compute a dynamic feedback compensator C(s) by
solving a specific robust stabilization problem! for the shaped plant
P(s)W,y or for a reduced-order design model of P(s)W,y. The
final controller for the plant P(s) is given by K (s) =W,y C(s).

Typically, the minimal closed-loop damping ratio increases with
the gain factor y. However, as y increases more control authority is
required. The solid line in Fig. 4 shows the magnitude of the loop
gain P(/ @)W,y with y =0.8. The target loop gain is higher than
one around @ =1. Thus, y =0.8 is deemed adequate; the design
proceeds with this value for y.

The Hankel singular values shown in Fig. 3 suggest that only
the second mode (h =2) needs to be retained in the transfer func-
tion of the shaped plant P(s) W, y. Performing model reduction of
the normalized coprime factors of P(s) W,y gives the second-order
design model

s —0.5885

G,(s) = 0.144
(8) = 01446 =05098)2 + 1.00422

[Note that truncation of the balanced realizationof P(s)W, ¥ is not
advisablebecause the gap in the Hankel singularvalues of P(s) W,y
is independent of the desired performance level y.] Notice that the
poles of G, (s) are (practically) the poles we want to control; see the
row correspondingto 4 =2 in Table 1.

Solving the robust stabilization problem proposed by McFarlane
and Glover,! with G,(s) as the nominal design model, gives the
following optimal solution:

Cls) =0 9632s —3.3868
§) = 0. _—
s +4.0136

To get a more practical solution, we augment C(s) with a low-
pass filter (cutoff frequency equal to 2) and with a high-pass filter
(cutoff frequency equal to 0.5) in order to increase rolloffs outside
the frequency range 0.5-2. With C(s) modified in this way, the
formula K (s) =W,y C(s) gives the final controller

s(s —3.4)
(s +0.5)(s +2)(s + 4)

®)

—1.6568
0.9828

K(s) =[

The performance and robustness of the feedback system with the
controller K (s) in Eq. (8) is analyzed next.
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Fig.5 Variation of closed-loop poles with the gain parameter.
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Fig.6 Nyquist plot of — P(s)K(s).

The root-locus of the characteristic equation 1 — gain P(s)K (s)
=0 is shown in Fig. 5. Only the variation of the poles of P(s) is
shown. [Note that with gain <2, the branches emanating from the
poles of K(s) have damping greater than 98% and are of no impor-
tance to the problem.] The designed controller (gain = 1) achieves
more than 6% damping in all modes. This number represents more
than six times the minimal open-loop damping ratio. The damping
in the second mode is increased from 1% to about 7%. As expected,
the designed controller affects mostly the damping of the second
mode. If the loop gain is reduced/increased by a factor of two, the
minimal closed-loop damping ratio exceeds 4%, which shows that
performance is robust to nontrivial gain variations.

The dashedline in Fig. 4 shows the magnitude of P(/ ) K (J w);
this response is very close to the target response (solid line). The
Nyquist plot of P(/ w)K(/ ) is shown in Fig. 6. Excellent mar-
gins are achieved. Figure 7 shows the complementary sensitivities
at plant output (1 — PK)~'PK and plant input (I — K P)"'KP.
Notice from the solid line that, at plant output, the effect of sensor
noise is attenuated for all frequencies.

Mu-tests® were performed to determine the robustnessof stability
to simultaneous perturbationsin the plantinput and output channels
and in the plant natural frequencies and damping ratios. The uncer-
tain plant used for the mu-tests is

(14 Ay)Ppec(s) diag(1 + Ay, 1+ Ap) ©)
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Fig.7 Complementary sensitivities with K(s).

The parameters A,, A;;, and A;,, are complex scalars, and they
representmultiplicativeuncertaintyin the inputand outputchannels.
The transfer matrix P, (s) is obtained from Eq. (6) by perturbing
the nominal (undamped) natural frequencies and damping ratios
with multiplicative real uncertain parameters. The final controller
in Eq. (8) was connected to Eq. (9) to determine the robustness of
stability to these simultaneous perturbations.

Inthe firstmu-test,A,, A;;,and A;,, are the only sourcesof uncer-
tainty. Closed-loop stability is maintained provided |A | <36.6%,
|A;1] <36.6%, and |A;»| <36.6%. If less variation is allowed in
A;; and A;,, stability is guaranteed for simultaneous perturbations
satisfying |A,| <58.6%, |A;|| <28.4%, and |A»| <28.4%. In the
second mu-test, the three natural frequenciesand damping ratios are
also allowed to vary. Closed-loop stability is maintained provided
[A,l <37.8%, |A;]| <18.4%, |A;,| <18.4%, and the three natural
frequencies, and damping ratios change by no more than 13.2 and
24.4%, respectively.If the size of A,, A;, and A;, does not exceed
14.2%,then uncertaintyin dampingratios can be increased to 42.6%
without losing stability.

III. Design of Static Postcompensators
The objective of this section is to describe how to compute a
suitable postcompensator. This means finding W such that W P,(J )
dominates W P, (/ ), where P;(s) and P,(s) are from Eq. (1).
Let oy, ..., oy denotegiven positive frequencies. Define the real
matrices

def

N1=[R{P1(]@1)}

def

Ny= [R{Pz(] o)}

Let W € R” *” be given, where p is the number of rows of P(s).
Then, from Result 3, item 1 (see Appendix), we may conclude that
Cmax (N} W', N;W') is precisely the smallest number y that satisfies
the matrix inequality

k=+N k=+N
> WP o) P ooW <y* D WP a)PiJ o)W
k=-N k=-N

(12)
where o_; e . Hence, crmax(Nf w’, Né W') measuresthe average
size of W P,(J w), relative to the average size of W P,(’/ ), on the
set {ey, ..., oy}

From this discussion, it follows that the optimization problem
inf G (N W', NyW)
W e RN XP

subjectto rank W =r (13)

R{PI(JCON)} ‘J{Pl(]wl)}

R{Pz(]wzv)} ‘J{PZ(]COI)}

gives a sensible method for computing an optimal postcompensator
W. Moreover, our design procedure delivers an optimal solution to
Eq. (13) provided M;, M5, g, and W are replacedby N;, N}, r, and
W', respectively. With the obvious modifications, the remarks on the
use of the design procedurefor the computationof precompensators

apply to the case of postcompensatorsas well.

IV. Conclusions

A method for the computationof static cascade compensatorsthat
increase the contributionto the input-output frequency response of
a specified subset of plant polesrelative to the contributionof the re-
maining plant poles has been described. The computations required
to implement the results are a partial fraction expansion of the plant
transfer matrix and the GSVD of a matrix pair constructed with
frequency response data. These two calculations are rather simple.

The results are useful when one needs to design a controller that
modifies the dynamics associated with a particular subset of poles,
and at the same time, the controllerhas little effect on the remaining
poles. Indeed, once a suitable cascade compensator has been deter-
mined, robust controller design methods can be used to complete
the design in a simple and effective manner.

Both precompensators and postcompensators have been consid-
ered. The final selection between these two alternatives is problem
dependent. Fortunately, the required calculations are so simple that
both alternatives could be explored with very little design effort.

Appendix: GSVD

The following result is a special case of Theorem 8.7.4, Ref. 3,
p. 466, by Golub and Van Loan. See also the work of de Moor.*

Result 1 [GSVD of the pair (M;, M>)]: Let M; € R" *™ and
M, €IR™™" denote two real matrices with the same number of
columns. Assume that min(n, n,) =m and rank [M| M,]=m.
There exist U; ER™ *" U, eR™*"™ C € R"*", § € R™*",
and an invertible X € R™ *™ satisfying the following equations:

M, =U,SX™ !,
I=C'C+S§'S

M, =UCX™!,
I = UzUé,

I = U1 U{
C =diag(ci, .., Cm), 0<cI < <---<cy,

S = diag(s, ..., Sn), 0<s, <Sp_ 1 <--<s5,
The set {c,/sy, ..., c,/Ss, } depends only on the matrices M, and

M,. The elements of this set are the GSVs of the pair (M, M),
which we will denote by

o (My, M>) < (c;/s;) (A1)
‘J{PI(JCON)}] (10)
‘J{Pz(]@zv)}] (11

IfM,=1,{c(M,, M), ..., c, (M, M,)}isthe setof singularval-
ues of My, for X =U,S, and S is diagonal and invertible. Thus,
Result 1 is a generalization of the SVD. The GSVD may be
computed with the programs gsvd.m and csd.m in S. J. Leon’s
User-Contributed M-Files: gsvd.m and csd.m (URL: http:/www.
mathworks.com/linalgv4.html), which work if the assumptions in
Result 1 hold.
From Result 1, it follows that the GSVs satisfy the inequality

0< oM, My) <n(My, M) <--- <0, (M, M)

< ,(My, M») (A2)

which justifies the definitions

Guin(My, My) = 6y(M, M) (A3)
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Onax (M, M) = 6, (M, My) (Ad)

In this paper the GSVs are always arranged in increasing order
[Eq. (A2)]. Rank M| < m implies oy, (M7, M,) =0, and rank M, <
m implies Gy, (M, M) = oo . Therefore, in the pair (M, M,), we
can think of M as the numerator matrix and M, as the denominator
matrix.

Result2 (propertiesofthe GSVD): Givenany j =1, ..., m,under
the assumptions of Result 1, we have the following.

1) Here o;(Ms, My) =0, L, (M), M).

2) For any orthogonal matrices Q, € R™ *™ and Q, € R,
and any nonsingular matrix T € R" ", i (O M\T, O, M, T) =
c;(M,, M>).

3IIMM,x; =M;M2xjcrj2(M1, M,), where x; denotesthe jthcol-
umn of the matrix X in Result 1.

A proof of this result is obtained by direct verification us-
ing the equations in Result 1. Property 3 shows that GSVs are
the square roots of the generalized eigenvalues of the symmet-
ric matrix pair (M|M,, M;M,). Hence, the GSVD will play a
key role in solving certain optimization problems involving the
quadratic forms || M x||* and || M, x||>. The following result summa-
rizes the solution of the optimization problems of importance to this
paper.

Result 3 (optimization of the ratio of quadratic forms): Consider
the GSVD of the pair (M, M,) as defined in Result 1, and partition
the matrix X according to

X =[)C1 X2 Tt Xm—1 xm]
where x; € R™. The following statements hold.
1) The vector x,, and the largest GSV satisfy
lMxll Mol
sup =

M7 0 a7 - Gmax(Mla MZ)
vern [IMax|l [IMpx,, ||

205

2) Any full-rank matrix W, € R”*“, whose columns span the
g-dimensional subspace

imlx;, x - x,]
and the gth GSV, satisty

inf O (MiW, MoW) = onax (M Wy, Mo Wy) = oy (M, M)

W eR" X4

where the infimization is over all matrices W with rank ¢g. Note that,
under the assumptionsof Result 1, rank W/[M| M}] =g for all full
column rank matrices W € R™ *7; thus, the GSVs of (M; W, M, W)
are well defined.

A proof of Result 3 is obtained from Result 2, Properties 2 and
3, and the well-known variational characterizations of eigenvalues
as presented, for example, in Ref. 5.
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